
Dany jest hiperstatyczny układ przestrzenny o schemacie statycznym i obciążeniu jak na rysunku. 

Zakładamy, że GIs =0,5 EIy oraz EIy = EIz. Obliczyć wskazane przemieszczenie w: 

        

1. Obliczenie reakcji od obciążenia danego 

   

∑ 𝑋 = 0 → 𝑅𝐴,𝑥 = 0, 

∑ 𝑌 = 0 → 𝑅𝐴,𝑦 + 𝑃 = 0 → 𝑅𝐴,𝑦 = −𝑃 → 𝑅𝐴,𝑦 = −10 𝑘𝑁,  

∑ 𝑍 = 0 → 𝑅𝐴,𝑧 − 𝑞 ∙ 4 𝑚 → 𝑅𝐴,𝑧 = 𝑞 ∙ 4 𝑚 → 𝑅𝐴,𝑧 = 5 
𝑘𝑁

𝑚
∙ 4 𝑚 → 𝑅𝐴,𝑧 = 20 𝑘𝑁,  

∑ 𝑀𝑥𝐴 = 0 → 𝑀𝐴,𝑥 − 𝑞 ∙ 4 𝑚 ∙ 2 𝑚 = 0 → 𝑀𝐴,𝑥 = 𝑞 ∙ 4 𝑚 ∙ 2 𝑚 = 5 
𝑘𝑁

𝑚
∙ 4 𝑚 ∙ 2 𝑚 → 𝑀𝐴,𝑥 = 40 𝑘𝑁 𝑚,  

∑ 𝑀𝑦𝐴 = 0 → 𝑀𝐴,𝑦 − 𝑞 ∙ 4 𝑚 ∙ 5 𝑚 − 𝑀 = 0 → 𝑀𝐴,𝑦 = 𝑞 ∙ 4 𝑚 ∙ 5 𝑚 + 𝑀 = 5 
𝑘𝑁

𝑚
∙ 4 𝑚 ∙ 5 𝑚 +

30 𝑘𝑁 𝑚 →  𝑀𝐴,𝑦 = 130 𝑘𝑁 𝑚,  

∑ 𝑀𝑧,𝐴 = 0 → 𝑀𝐴,𝑧 = 0. 

1. Obliczenie sił wewnętrznych i sporządzenie wykresów 

Siły osiowe: 

𝑁𝑥,𝐷𝐶 = 𝑁𝑥,𝐶𝐷 = 0,  

𝑁𝑥,𝐶𝐵 = 𝑁𝑥,𝐵𝐶 = 𝑞 ∙ 4 𝑚 = 5 
𝑘𝑁

𝑚
∙ 4 𝑚 = 20 𝑘𝑁 𝑚, 

𝑁𝑥,𝐵𝐴 = 𝑁𝑥,𝐴𝐵 = 0.  

Siły tnące: 

𝑉𝑦,𝐷𝐶 = 𝑉𝑦,𝐶𝐷 = 0,  



𝑉𝑦,𝐶𝐵 = 𝑉𝑦,𝐵𝐶 = 0, 

𝑉𝑧,𝐵𝐴 = 𝑉𝑧,𝐴𝐵 = 𝑃 = 10 𝑘𝑁,    

𝑉𝑧,𝐷𝐶 = 0, 

𝑉𝑧,𝐶𝐷 = 𝑞 ∙ 4 𝑚 = 5 
𝑘𝑁

𝑚
∙ 4 𝑚 = 20 𝑘𝑁 𝑚,  

𝑉𝑧,𝐶𝐵 = 𝑉𝑧,𝐵𝐶 = 0, 

𝑉𝑧,𝐵𝐴 = 𝑉𝑧,𝐴𝐵 = −𝑞 ∙ 4 𝑚 = −5 
𝑘𝑁

𝑚
∙ 4 𝑚 = −20 𝑘𝑁 𝑚.    

Momenty skręcające: 

𝑀𝑥,𝐷𝐶 = 𝑀𝑥,𝐶𝐷 = 𝑀 = 30 𝑘𝑁 𝑚,  

𝑀𝑥,𝐶𝐵 = 𝑀𝑥,𝐵𝐶 = 0, 

𝑀𝑥,𝐵𝐴 = 𝑀𝑥,𝐴𝐵 = −𝑞 ∙ 4 𝑚 ∙ 2 𝑚 = −5 
𝑘𝑁

𝑚
∙ 4 𝑚 ∙ 2 𝑚 = −40 𝑘𝑁 𝑚.    

Momenty zginające: 

𝑀𝑦,𝐷𝐶 = 0,  

𝑀𝑦,𝐶𝐷 = −𝑞 ∙ 4 𝑚 ∙ 2 𝑚 = −5 
𝑘𝑁

𝑚
∙ 4 𝑚 ∙ 2 𝑚 = −40 𝑘𝑁 𝑚, 

𝑀𝑦,𝐶𝐵 = 𝑀𝑦,𝐵𝐶 = −𝑞 ∙ 4 𝑚 ∙ 2 𝑚 = −5 
𝑘𝑁

𝑚
∙ 4 𝑚 ∙ 2 𝑚 = −40 𝑘𝑁 𝑚, 

𝑀𝑦,𝐵𝐴 = −𝑀 = −30 𝑘𝑁 𝑚, 

𝑀𝑥,𝐴𝐵 = −𝑀 − 𝑞 ∙ 4 𝑚 ∙ 5 𝑚 = −30 𝑘𝑁 𝑚 − 5 
𝑘𝑁

𝑚
∙ 4 𝑚 ∙ 5 𝑚 = −130 𝑘𝑁 𝑚.    

 

 

 

 

 

 



2. Obliczenie reakcji od obciążenia jednostkowego 

   

∑ 𝑋 = 0 → 𝑅𝐴,𝑥 = 0, 

∑ 𝑌 = 0 → 𝑅𝐴,𝑦 = 0,  

∑ 𝑍 = 0 → 𝑅𝐴,𝑧 = 1 𝑘𝑁,  

∑ 𝑀𝑥𝐴 = 0 → 𝑀𝐴,𝑥 − 1 𝑘𝑁 ∙ 4 𝑚 = 0 → 𝑀𝐴,𝑥 = 4 𝑘𝑁 𝑚,  

∑ 𝑀𝑦𝐴 = 0 → 𝑀𝐴,𝑦 − 1 𝑘𝑁 ∙ 5 𝑚 = 0 → 𝑀𝐴,𝑥 = 5 𝑘𝑁 𝑚,  

∑ 𝑀𝑧,𝐴 = 0 → 𝑀𝐴,𝑧 = 0. 

Siły osiowe: 

𝑁𝑥,𝐷𝐶 = 𝑁𝑥,𝐶𝐷 = 0,  

𝑁𝑥,𝐶𝐵 = 𝑁𝑥,𝐵𝐶 = 1 𝑘𝑁, 

𝑁𝑥,𝐵𝐴 = 𝑁𝑥,𝐴𝐵 = 0.  

Siły tnące: 

𝑉𝑦,𝐷𝐶 = 𝑉𝑦,𝐶𝐷 = 0,  

𝑉𝑦,𝐶𝐵 = 𝑉𝑦,𝐵𝐶 = 0, 

𝑉𝑧,𝐵𝐴 = 𝑉𝑧,𝐴𝐵 = 0,    

𝑉𝑧,𝐷𝐶 = 𝑉𝑧,𝐶𝐷 = 1 𝑘𝑁, 

𝑉𝑧,𝐶𝐵 = 𝑉𝑧,𝐵𝐶 = 0, 

𝑉𝑧,𝐵𝐴 = 𝑉𝑧,𝐴𝐵 = −1𝑘𝑁.    

Momenty skręcające: 

𝑀𝑥,𝐷𝐶 = 𝑀𝑥,𝐶𝐷 = 0,  

𝑀𝑥,𝐶𝐵 = 𝑀𝑥,𝐵𝐶 = 0, 

𝑀𝑥,𝐵𝐴 = 𝑀𝑥,𝐴𝐵 = −1𝑘𝑁 ∙ 4 𝑚 = −4 𝑘𝑁 𝑚.    

Momenty zginające: 

𝑀𝑦,𝐷𝐶 = 0,  

𝑀𝑦,𝐶𝐷 = −1𝑘𝑁 ∙ 4 𝑚 = −4 𝑘𝑁 𝑚, 

𝑀𝑦,𝐶𝐵 = 𝑀𝑦,𝐵𝐶 = −1𝑘𝑁 ∙ 4 𝑚 = −4 𝑘𝑁 𝑚, 

𝑀𝑦,𝐵𝐴 = 0, 

𝑀𝑦,𝐴𝐵 = −1𝑘𝑁 ∙ 5 𝑚 = −5 𝑘𝑁 𝑚.    



𝑀𝑧,𝐷𝐶 = 𝑀𝑧,𝐶𝐷 = 0, 

𝑀𝑧,𝐶𝐵 = 𝑀𝑧,𝐵𝐶 = 0, 

𝑀𝑧,𝐵𝐴 = 𝑀𝑧,𝐴𝐵 = 0.    

 

 

3. Obliczenie szukanego przemieszczenia 

1𝑘𝑁 ∙ 𝑤 = ∫
𝑀𝑦

1𝑀𝑦
𝐹

𝐸𝐼𝑦
𝑑𝑥 + ∫

𝑀𝑧
1𝑀𝑧

𝐹

𝐸𝐼𝑧
𝑑𝑥 + ∫

𝑀𝑥
1𝑀𝑥

𝐹

𝐺𝐼𝑥
𝑑𝑥 =

1

𝐺𝐼𝑥
∙ 5𝑚 ∙ (−40𝑘𝑁 ∙ 𝑚) ∙ (−4𝑘𝑁 ∙ 𝑚) 

                 +
4𝑚

6𝐸𝐼𝑦

[0 ∙ 0 + 4 ∙ (−10𝑘𝑁 ∙ 𝑚) ∙ (−2𝑘𝑁 ∙ 𝑚) + (−40𝑘𝑁 ∙ 𝑚) ∙ (−4𝑘𝑁 ∙ 𝑚)]                                                

                 +
1

𝐸𝐼𝑦
3𝑚 ∙ (−40𝑘𝑁 ∙ 𝑚) ∙ (−4𝑘𝑁 ∙ 𝑚) 

                  +
5𝑚

6𝐸𝐼𝑦

[0 ∙ (−30𝑘𝑁 ∙ 𝑚) + 4 ∙ (−80𝑘𝑁 ∙ 𝑚) ∙ (−2,5𝑘𝑁 ∙ 𝑚) + (−150𝑘𝑁 ∙ 𝑚) ∙ (−5𝑘𝑁 ∙ 𝑚)], 

𝑤 = 3448,3
𝑘𝑁∙𝑚3

𝐸𝐼𝑦
. 


